Abstract-Robust stability serves as an important regulation mechanism in system biology and synthetic biology. In this paper, the robust stability analysis problem is investigated for a class of nonlinear delayed genetic regulatory networks with parameter uncertainties and stochastic perturbations. The nonlinear function describing the feedback regulation satisfies the sector condition, the time delays exist in both translation and feedback regulation processes, and the state-dependent Brownian motions are introduced to reflect the inherent intrinsic and extrinsic noise perturbations. The purpose of the addressed stability analysis problem is to establish some easy-to-verify conditions under which the dynamics of the true concentrations of the messenger ribonucleic acid (mRNA) and protein is asymptotically stable irrespective of the norm-bounded modeling errors. By utilizing a new Lyapunov functional based on the idea of "delay fractioning", we employ the linear matrix inequality (LMI) technique to derive delay-dependent sufficient conditions ensuring the robust stability of the gene regulatory networks. Note that the obtained results are formulated in terms of LMIs that can easily be solved using standard software packages. Simulation examples are exploited to illustrate the effectiveness of the proposed design procedures.
able to explain the interactions between genes and protein that form complex biological systems. It is of great importance to investigate and understand the gene regulatory process and the dynamic behaviors of the GRNs in living organisms [1] , [2] , [4] , [7] , [27] .
The modeling of GRNs is largely dependent on powerful tools of mathematics theory. In general, the GRNs can be described by two types of models, i.e., the discrete model (such as Boolean networks) and the continuous model (such as the differential equation model) [1] , [7] , [8] , [21] , [32] . Recently, among all the proposed GRN models, the differential equation models have received an increasing amount of research attention since the variables in gene dynamics are usually the concentrations of gene products (i.e., messenger ribonucleic acids (mRNAs) and proteins), which possess continuous values of the genetic regulatory systems (see [2] , [3] , [13] , [14] , [20] , [27] , [28] , and the references therein). Our present research further examines the continuous GRN models with both time delays and norm-bounded parameter uncertainties.
It is well known that the existence of time delays is ubiquitous in biological, physical, chemical, and electrical dynamical systems [9] . In biological systems, particularly GRNs, time delays are unavoidable primarily due to the finite speed in the slow process of transcription, translation, and translocation. It has been shown in [13] and [14] that the time delays in GRNs may play an important role in the predictions of the dynamics of the mRNA and protein concentrations. Moreover, given the facts that GRNs are modeled from real-world gene expression time-series data, and that there are certain limitations with the current experimental techniques, it has now been well recognized that the modeling errors and parameter fluctuations are inevitable, which may cause poor performance or even instability of real genetic networks [2] , [4] , [10] . It should be pointed out that the system parameters identified from experimental data may form an unknown but bounded time-varying function (see [20] and [30] ). When investigating the dynamical behaviors of GRNs, the parameter uncertainties (also called variations or fluctuations) should also be taken into account, and therefore, the stability robustness issue for GRNs emerges as a research topic of great importance.
On the other hand, the modeling of GRNs should be conducted in a way to interpret vast amounts of experimental data and the extracted functional information from observation data. Given the fact that biology networks or genetic networks are always subject to random fluctuations [1] , [4] , [18] , [22] , [23] , it is vitally important to consider the random effects including both the intrinsic and extrinsic noise perturbations [1] , [14] , [27] , [29] . Both the modeling error and the stochastic disturbances could cause instability [29] of the networks and make it difficult to know the true dynamics of the network state. Therefore, an interesting problem of biological significance is to investigate the robust stochastic stability in the presence of time delays, parameter uncertainties, and stochastic disturbances for the addressed GRNs, which give rise to another motivation for the present research.
Although the robust stability of GRNs has stirred some initial research interests [2] , [4] , [20] , one of the main issues aroused here is how to reduce the possible conservatism induced by the introduction of the Lyapunov functional when dealing with time delays, which leaves much room for further research by using the latest analysis techniques. Recently, the so-called "delay fractioning" approach, which is arguably the up-to-date delay-dependence analysis method, has independently been originated from [12] and [19] and further developed in [16] , [17] , [26] , [33] , and [35] , and shown to lead to much less conservative results than most existing literature. It is, therefore, the main purpose of this paper to adopt the delay-fractioning approach for achieving a less conservative delay-dependence condition to guarantee the robust stability of the addressed GRNs.
In this paper, we are concerned with the robust stability analysis problem for a class of uncertain GRNs with and without noise perturbations, where the time delays exist in both the translation process and the feedback regulation process, and the nonlinear function describing the feedback regulation is assumed to satisfy the sector condition. By utilizing a novel Lyapunov-Krasovskii functional and the linear matrix inequality (LMI) technique, sufficient delay-dependent conditions ensuring the robust stability of the gene regulatory model are established. The obtained results are formulated in the form of LMIs that are easily solvable by using standard software packages. Simulation examples with three component genetic networks are used to illustrate the effectiveness of the developed theoretical results.
Notations: The notations used throughout this paper are fairly standard. R n and R n×m denote the n-dimensional Euclidean space and the set of n × m real matrices, respectively, and | · | is the Euclidean norm on R n . P > 0 means that matrix P is real, symmetric, and positive definite. I and 0 denote the identity matrix and the zero matrix with compatible dimensions, respectively, diag{· · ·} stands for a block-diagonal matrix, and col{· · ·} denotes a matrix column with blocks given by the matrices in {· · ·}. The superscript "T " stands for matrix transposition, and the asterisk " * " in a matrix is used to represent the term that is induced by symmetry. The Kronecker product of matrices Q ∈ R m×n and R ∈ R p×q is a matrix in R mp×nq and denoted as Q ⊗ R. Moreover, let (Ω, F, {F t } t≥0 , P) be a complete probability space with a filtration {F t } t≥0 satisfying the usual conditions (i.e., the filtration contains all P-null sets and is right continuous). Denote by L
where E{·} stands for the mathematical expectation operator with respect to the given probability measure P. Matrix dimensions, if they are not explicitly stated, are assumed to be compatible for algebraic operations.
II. MODEL DESCRIPTION AND PRELIMINARIES
In this paper, we consider a GRN with time delays existing in both the translation process and the feedback regulation process, which can be described by the following differential equations:
where i = 1, 2, . . . , n, m i (t), p i (t) ∈ R denote, respectively, the concentrations of mRNA and protein of the ith gene at time t, a i and c i are the degradation rates of mRNA and protein of the ith gene, respectively, d i represents the translation rate, f j (p j (s)) denotes the feedback regulation of the protein on the transcription, which is generally a nonlinear function with monotonicity and satisfies certain conditions given later, the two positive scalars τ and σ denote, respectively, the translation time delay and the feedback regulation delay, η i is the base transcriptional rate of the repressor of gene i, and the matrix 
For simplicity, the GRN Σ can be rewritten in the following compact matrix form:
where
where φ(·) and ϕ(·) are continuous functions.
Let col{m * , p * } ∈ R 2n be an equilibrium point of Σ , which is a solution of the following nonlinear equations:
In the following, let us shift the unknown equilibrium point col{m * , p * } to the origin by defining
where g(y(t)) = col{g 1 (y 1 (t)), g 2 (y 2 (t)), . . . , g n (y n (t))}, with the ith component being
As discussed in Section I, the GRN model parameters identified from real-world time series are largely dependent on the selection of fixed points, and the relevant constants vary with the experiment data. Therefore, we further take the structure uncertainties into account and have the following more generalized model:
Here, ΔA(t), ΔB(t), ΔC(t), and ΔD(t) are unknown matrices with appropriate dimensions denoting the uncertain parameters, which satisfy the following admissible uncertainty condition:
where M i and N i (i = 1, 2) are known real constant matrices, and H(t) is a time-varying and unknown Lebesgue-measurable matrix-valued function subjected to the following condition:
Remark 1: In practice, this kind of norm-bounded uncertainty described by (8) and (9) is frequently encountered in many engineering problems of robust analysis of uncertain dynamic systems (see, for instance, [30] and the references therein), which may result from the variation of operating points, aging of devices, identification errors, etc. Many practical systems possess parameter uncertainties that can be either exactly modeled or over bounded by (9) .
For the sake of convenience, we denote the following hereafter:
Assumption 1:
The nonlinear function f i (·) is continuous and bounded and satisfies the following inequality:
for all u, v ∈ R, u = v. Remark 2: It follows from Assumption 1 that the nonlinear feedback regulation function g j (·) in system Σ satisfies the sector-like condition, i.e., 0 ≤ g i (s)/s ≤ κ i ∀s = 0, and
Moreover, it should be pointed out that this sector-like condition described by (10) is more general than those that have been used in [13] , [14] , and [24] , where the derivative for each component of the regulatory function is assumed to be the same, which is unrealistic. In our description, such a restriction is removed.
Remark 3: Usually, various fixed-point theorems, such as Brouwer's fixed-point theorem, Schauder's fixed-point theorem, and the contraction mapping principle, can be exploited to prove the existence of equilibrium points of the addressed GRNs. For example, under Assumption 1, it is not difficult to ensure the existence of an equilibrium point of the system [see (7)] by using Brouwer's fixed-point theorem. In the sequel, we shall analyze the globally asymptotic stability of the equilibrium point, which in turn implies the uniqueness of the equilibrium point.
Before stating the main results, we introduce the following useful definitions and lemmas.
Definition 1: Let the equilibrium point of the nominal system of Σ be stable in the sense of Lyapunov. The nominal system of Σ is said to be globally asymptotically stable if
Definition 2:
The uncertain system Σ is said to be globally asymptotically robustly stable if system Σ is globally asymptotically stable for all admissible uncertainties.
Lemma 1 (Schur's Complement) [34] : Given any real matrices Ω 1 , Ω 2 , and Ω 3 , where Ω T 1 = Ω 1 , and Ω 2 > 0, then
if and only if
Lemma 2 [31] : Assume that D, E are real matrices with appropriate dimensions, and H(t) is a real matrix function satisfying H T (t)H(t) ≤ I. Then, for any positive scalar ε, the following inequality holds:
Lemma 3 (Jensen's Inequality) [6] : Given a positive-definite matrix P ∈ R n×n and a scalar π > 0 for any vector
III. MAIN RESULTS
In this section, we aim to establish the general robust stability results for the uncertain GRN with and without noise perturbations. A Lyapunov functional method is developed based on the idea of "delay fractioning" proposed in the literature. To estimate the upper bound of the time delays for stability, we partition τ and σ into several equal components, that is, τ = Σ r i=1 τ i with τ i = τ /r, and σ = Σ r i=1 σ i with σ i = σ/r, where r is a positive integer denoting the number of fractions. Our main results are delay dependent, which are formulated in terms of LMIs to ensure the robustly asymptotic stability of the proposed uncertain GRNs with and without noise perturbations.
A. Robust Stability Analysis of GRNs Without Noise Perturbations
In this section, a theorem is presented to give the stability condition for uncertain GRNs Σ without noise perturbations. Some corollaries are then obtained for the special case when there are no parameter uncertainties.
Theorem 1: Given any integer r ≥ 1, the uncertain system Σ is globally asymptotically robustly stable with time delays 
Proof: Based on Lemma 1, since
To prove the theorem, we choose a novel Lyapunov-Krasovskii functional candidate as follows:
with r ≥ 1 (number of fractions) being an integer.
Considering the derivatives of V i (t) (i = 1, 2, 3) along the trajectory of system Σ , we havė
y(t−σ) y(t−σ)
. . , x(t−((r−1)/r)τ )}, and Y(t) = col{y(t), y(t−(1/r)σ), . . . , y(t−((r−1)/r)σ)}.
From Lemma 3, for k = 1, 2, . . . , r, it readily follows that
and then
From the sector condition in Assumption 1, for any scalar γ j > 0, one can see that
which is equivalent to
In view of (7), we obtaiṅ
Using (8), (9) , and Lemma 2, for positive scalars
2x
2y
and similarly
−2ẋ
Now, it follows from (14)- (29) and Lemma 1 thaṫ
where (12) . Furthermore, the condition in (12) indicates that there exists a positive scalar λ such thaṫ
(t), y(t − σ),Ẏ(t),ẏ(t − σ), g(y(t − σ))}, and Ξ
which implies from the Lyapunov stability theory that the GRN in (7) is robustly globally asymptotically stable. Hence, the proof is completed. For the nominal system Σ without parameter uncertainties, according to Theorem 1, it is not difficult to establish the following sufficient condition on the globally asymptotic stability.
Corollary 1: Given any integer r ≥ 1, the nominal system of genetic networks Σ with time delays τ ∈ (0, h 1 ] and σ ∈ (0, h 2 ] is globally asymptotically stable if there exist matrices , 2 and j = 1, . . . , r) satisfying
and the other symbols have the same meaning as those defined in Theorem 1.
B. Robust Stability Analysis of GRNs With Noise Perturbations
It is now well known that the intracellular and extracellular noise perturbations are unavoidable during the modeling of genetic network models. Therefore, it would be interesting to consider the dynamics for the genetic networks with both parameter fluctuations and stochastic disturbances, and stability analysis is obviously one of the most important problems. In this section, by means of stochastic analysis theory, the globally robustly asymptotic stability conditions in the mean-square sense are obtained for the addressed uncertain stochastic GRNs.
Let us consider the GRNs with both parameter uncertainties and noise perturbations described by the following stochastic differential equations:
dx(t) = [−A(t)x(t) + B(t)g (y(t − σ))] dt + ρ (t, x(t), y(t − σ)) dω 1 (t) dy(t) = [−C(t)y(t) + D(t)x(t −
where ω 1 (t) and ω 2 (t) are mutually uncorrelated one dimensional Brownian motions satisfying E{dω i (t)} = 0 and E{dω
x(t), y(t − σ)) and ρ(t, y(t), x(t − τ )) are the noise intensity functions.
Assumption 2: There exist matrices U ≥ 0 and V ≥ 0 such that
holds for all u, v ∈ R n , t > 0. The initial condition associated with the networks in (32) is given as follows:
We are now in a position to analyze the problem of globally robust stability in the mean square sense for uncertain stochastic GRNs [see (32) ] by using the theory of stochastic functional differential equations. We aim to establish criteria that ensure the solvability of the robust mean-square stability problem.
Theorem 2: Under Assumptions 1 and 2, for a given an integer r ≥ 1, the genetic network in (32) with time delays τ ∈ (0, h 1 ] and σ ∈ (0, h 2 ] is robustly asymptotically meansquare stable if there exist positive definite matrices
α , and Γ = diag{γ 1 , γ 2 , . . . , γ n }, matrices M α , N α , and T i , and positive constants i and ε j (i = 1, 2; α = 1, 2, . . . , r; β = 1, 2, 3; j = 1, 2, . . . , 8) such that the following LMIs hold:
Proof: By setting
we consider the following Lyapunov-Krasovskii functional candidate for the model in (32) :
with r ≥ 1 (number of fractions) being an integer. Let L be the weak infinitesimal operator of the stochastic process {x = x(t + s), y = y(t + s)|t ≥ 0, s ∈ [− , 0]} along the trajectories of the genetic network in (32) . By Itô's differential formula [11] , one has Similarly, it can be obtained that
Taking the mathematical expectation and considering (38)-(63), one has
is defined in (35) . Based on the derivation conducted in Theorem 1, it follows that the uncertain stochastic model in (32) is robustly asymptotically stable in the mean square.
Remark 4: Similar to Corollary 1, we can obtain sufficient conditions ensuring the globally asymptotic stability of the genetic network in (32) without uncertain parameters. Furthermore, if there are no stochastic disturbances, we can further obtain specialized results, which are omitted here to save space. It is also worth pointing out that the main results in this paper can easily be extended to GRNs with time-varying delays by the same approach used in [26] . Note that we mainly focus on the effects brought by the norm-bounded uncertainty and the random fluctuations in this paper.
Remark 5: Lemma 2 is used to tackle the norm-bounded parameter uncertainties in the proof of Theorem 1. Comparing to existing literature, we apply the "delay-fractioning" approach and construct a more general Lyapunov functional to analyze the stability problem of the uncertain GRNs with time delays existing in both the translation process and the feedback regulation process. The novel delay-dependent conditions presented in Theorem 1 are formulated in the form of LMIs that can readily be solved by standard numerical software.
IV. NUMERICAL EXAMPLE
In this section, two simulation examples are presented to illustrate the effectiveness of the proposed design procedures. The examples are concerned with the synthetic oscillatory network. This kind of model has theoretically been predicted and experimentally investigated as a mathematical model of the repressilator in [5] . are identical, except for their DNA-blinding specificities. By incorporating time delays and adjusting some parameters, the kinetics of the system is described by the following equations with the vector form: By using the Matlab LMI toolbox, it can be found that the LMIs in (12) are feasible. When we set r = 1, the time delays can be achieved as τ = 2.5, and σ = 3.6. The simulation results of the trajectories of m i (t), p i (t) are shown in Figs. 1 and 2 , 2 ) (i = 1, 2, . . . , 5), i.e., K = 0.65I. By using the Matlab LMI toolbox, we can find that the LMIs in (34) and (35) are feasible (the solutions are not given here for the purpose of space saving). When we set r = 1, the numerical simulation results are given in Figs. 3 and 4 , with the initial states randomly taken in [0, 1] × [0, 1], which further implies that the uncertain GRN with noises perturbations is globally robustly asymptotically stable in the mean square.
V. CONCLUSION
In this paper, we have dealt with the robust stability analysis problem for GRNs with time delays, norm-bounded parameter uncertainties, and state-dependent Brownian motions. By using a Lyapunov functional approach, stochastic analysis tools, and the LMI technique, we have constructed a novel Lyapunov-Krasovskii functional and then derived sufficient conditions in terms of LMIs to ensure globally asymptotically robust stability of the addressed delayed uncertain genetic networks. Moreover, the LMI-based criteria can readily be verified by using standard numerical software. An important feature of the results reported here is that the stability condition is dependent on the upper bounds of the time delays, which is made possible by utilizing the most updated techniques for achieving delay dependence. To the best of our knowledge, the present research represents the first attempt to develop a novel computational approach specifically for the robust stability of uncertain GRNs with or without noise perturbations. In the end of this paper, two simulation examples have been exploited to illustrate the applicability and usefulness of the developed theoretical results.
